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Abstract 
 

The motion of a viscous fluid contained in a cylinder of infinite length subjected to longitudinal and torsional 

oscillations is investigated. The governing equations are obtained and these are used to derive expressions for the 

shear stresses and drag forces on the interior wall of the cylinder, as well as the drag coefficient and work done 

by the drag forces. Graphs are plotted to illustrate the behaviour of the velocity components and other 

expressions derived in this investigation. 
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1.  Introduction 
 

In the year 1990, H. Ramkissoon and S. Majumdar (1990) explored the flow of a viscous fluid in a cylinder of 

infinite length which was exposed to oscillations of a longitudinal and torsional nature. This was a modified 

scenario of the original situation which was investigated by M. Casarella and P. Laura (1969), which dealt with 

obtaining the drag forces developed on the exterior of a circular rod of infinite length immersed in a viscous fluid.   
 

There were many other notable investigators of problems of a similar nature, namely Rajgopal (1983) in the case 

of a non-Newtonian fluid of second grade, Ramkissoon, Easwaran and Majumdar (1991) in the case of a Polar 

fluid, Rahaman (2004, 2005) using the situation with an upper-convected Maxwell fluid, and Owen and Rahaman 

(2006) in the case with an Oldroyd-B fluid. Versions of the problem include the external case with a solid rod of 

infinite length, the internal case considering a cylinder of infinite length, use of a different type of fluid, 

oscillations of same frequency, oscillations of different frequencies with same amplitudes, different amplitudes, or 

any combination of the listed scenarios. 
 

The purpose of this research paper is to explore yet another version of this problem. Here the internal case is 

examined with the distinction being that this scenario considers oscillations of independent amplitudes, in contrast 

to other similar problems done in which there was a common parameter defining the amplitudes and hence 

implying dependence of same. 
 

In this paper the governing equations are obtained and these are used to derive expressions for the shear stresses 

and drag forces on the interior wall of the cylinder, as well as the drag coefficient and work done by the drag 

forces. Graphs are plotted to illustrate the behaviour of the velocity components and other expressions derived in 

this investigation. Some of the results found here are similar to the case done by Ramkissoon and Majumdar 

(1990). 
 

2.  Statement and Solution to the Problem 
 

It is required to find the flow field, the shear stresses, the drag experienced, and the drag coefficient due to the 

motion of a viscous fluid contained in a cylinder of infinite length of radius a, subject to longitudinal and torsional 

oscillations. 
 

Cylindrical coordinates  𝑟, 𝜃, 𝑧  will be utilized due to the physical nature of the problem, in which the axis of the 

cylinder coincides with the z-axis. 
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It is safe to assume that the torsionaland longitudinal oscillations of the cylinder account for the presence of the 

components θ̂  and ẑ   in the fluid’s velocity field. Also, the velocity field 𝑞  is independent of  𝜃  since the flow 

is taken to be axisymmetric. Due to the infinite length of the cylinder, it is reasonable to assume that the fluid’s 

motion is independent of z.  Thus the velocity field 𝑞 then takes the form 
 

ẑt)w(r,θ̂t)v(r,q            (1) 

 

Now a suitable form of the Navier-Stokes equation is 

qνp
ρ

1

dt

qd
2           (2) 

Expanding (2) gives, 

qνp
ρ

1
q)q(

t

q
2




         (3) 

q is a function of r and time t, so the term
t

q




 survives in (3). 

The continuity equation here is of the form 

0q              (4) 

which is automatically satisfied. We shall seek a pressure field which is also independent of𝜃 and z. 

The kinematic boundary condition, 𝑞𝑏  for the fluid particles at the surface of the cylinder with prescribed 

velocity, 
 

𝑞𝑏 = cos Ω𝑡 𝑒   

 

is that at 𝑟 = 𝑎, 

 

ẑt)cos(αθ̂t)cos(αq 21 
b

q         (5) 

where 

𝑒 = 𝛼1𝜃 + 𝛼2𝑧  
and Ω, 𝛼1 , 𝛼2 ∈ ℝ, where ℝ denotes the set of real numbers. 

To obtain a solution of q , substitute (1) into (4) and equate components to get, 

 

𝑟 :  
v2

𝑟
=

1

𝜌

𝜕𝑝

𝜕𝑟
           (6) 

𝜃 :  
𝜕v

𝜕𝑡
= 𝜈  

𝜕2v

𝜕𝑟2 +
1

𝑟

𝜕v

𝜕𝑟
−

v

𝑟2          (7) 

𝑧 :  
𝜕w

𝜕𝑡
= 𝜈  

𝜕2w

𝜕𝑟2 +
1

𝑟

𝜕w

𝜕𝑟
          (8) 

 

3.  Determination of the Velocity Components 

 

Assume a solution of the form, 

 

v 𝑟, 𝑡 = ℛ 𝑓 𝑟 𝑒𝑖Ω𝑡   

 

where  is the real part.  Substituting this in (7) gives the solution as  

𝑓 = ℛ 𝐴𝐼1  𝑟 𝑖
Ω

𝜈
 + 𝐵𝐾1  𝑟 𝑖

Ω

𝜈
    

 



American International Journal of Contemporary Research                                      Vol. 2 No. 12; December 2012 

60 

 

where 𝐼1 and 𝐾1are the modified Bessel’s functions of the first and second kind respectively, both of order 1, and 

A, B are constants to be determined. 
 

Now the velocity field must remain finite and since there exists a singularity of𝐾1 𝑥  as 𝑥 tends to zero, which 

corresponds to the axis of the cylinder, then B must be taken to be zero.  Using the boundary condition in (5) to 

determine A gives the θ̂ -component of the velocity field as, 

 

v 𝑟, 𝑡 = ℛ 
𝐼1 𝑟 𝑖

Ω

𝜈
 

𝐼1 𝑎 𝑖
Ω

𝜈
 

𝛼1𝑒
𝑖Ω𝑡         (9) 

To determine w, assume a solution of the form, 

w 𝑟, 𝑡 = ℛ 𝑔 𝑟 𝑒𝑖Ω𝑡   

 

Substituting in (8) gives the solution as, 

 

𝑔 = ℛ 𝐶𝐼0  𝑟 𝑖
Ω

𝜈
 + 𝐷𝐾0  𝑟 𝑖

Ω

𝜈
    

where C and D are constants and 𝐼0  and 𝐾0 are the modified Bessel’s functions of the first and second kind 

respectively, both of order zero. 

 

Now the velocity field must remain finite and since there exists a singularity of𝐾1 𝑥 as 𝑥 tends to zero, which 

corresponds to the axis of the cylinder, then D is taken to be zero. Using the boundary condition in (5) to 

determine C gives the𝑧 -component of the velocity field as 

 

w 𝑟, 𝑡 = ℛ 
𝐼0 𝑟 𝑖

Ω

𝜈
 

𝐼0 𝑎 𝑖
Ω

𝜈
 

𝛼2𝑒
𝑖Ω𝑡         (10) 

The velocity components have thus been determined and are given by (9) and (10). 
 

4.   Obtaining the  Shear  Stresses,  Drag,  Work  Done  and  Drag Coefficient 
 

The shear stresses are given by (Hughes 1979), 

 

τ𝑖𝑗 + 𝑝δ𝑖𝑗 = 2𝜇D𝑖𝑗 = 𝜇 q𝑖,𝑗 + q𝑗 ,𝑖   

 

where δ𝑖𝑗 is the Kronecker delta. In cylindrical coordinates at the boundary of the cylinder, this is 

τ𝑟𝜃 = ℛ 
𝜍 𝑖  𝐼0 𝛼 𝑖 −

2

𝑎
 𝐼1 𝛼 𝑖 

 𝐼1 𝛼 𝑖 
𝜇𝛼1𝑒

𝑖Ω𝑡        (11) 

where 𝛼 = 𝜍𝑎 

and 

𝜍 =  
Ω

𝜈
.  

τ𝑟𝑧 = ℛ  
𝜍 𝑖 𝐼1 𝛼 𝑖 

 𝐼0 𝛼 𝑖 
𝜇𝛼2𝑒

𝑖Ω𝑡          (12) 

The shear stresses have thus been obtained and are given by (11) and (12). 

 

Now the tangential drag D acting per unit length on the cylinder is (Ramkissoon and Majumdar 1990) 

ar]ẑθ̂a[2πD zrθr   .         (13) 

Substituting (11) and (12) into (13); 
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𝐷 = −2𝜋𝑎𝜇 ℛ  
𝜍 𝑖 𝐼0 𝛼 𝑖 −

2

𝑎
 𝐼1 𝛼 𝑖 

 𝐼1 𝛼 𝑖 
𝛼1𝜃 +

𝜍 𝑖 𝐼1 𝛼 𝑖 

 𝐼0 𝛼 𝑖 
𝛼2𝑧  𝑒𝑖Ω𝑡 .    (14) 

Now 

𝑇2 = τ𝑟𝜃
2 + τ𝑟𝑧

2  ,  

tan 𝛾 =
τ𝑟𝑧

τ𝑟𝜃
 ⟹ 𝑇 cos 𝛾 = τ𝑟𝜃   

and 

𝑇 sin𝛾 = τ𝑟𝑧  .  

Substitute in (13) to get 

𝐷 = −2𝜋𝑎𝑇   cos 𝛾 𝜃 +  sin𝛾 𝑧  = −2𝜋𝑎𝑇∅       (15) 

where  

∅ =  cos 𝛾 𝜃 +  sin𝛾 𝑧  .  

Now the work done W by the drag force D on the fluid per half cycle ofmotion is (Ramkissoon and Majumdar 

1990) 

 
Ω

π

0

dtDW
b

q           (16) 

= 𝜋2𝑎𝜇 ℛ

 

 
 
  

𝜍 𝑖 𝐼0 𝛼 𝑖 −
2

𝑎
 𝐼1 𝛼 𝑖 

 𝐼1 𝛼 𝑖 
 

2

𝛼1
2 +  

𝜍 𝑖  𝐼1 𝛼 𝑖 

 𝐼0 𝛼 𝑖 
 

2

𝛼2
2 

1

2

 𝛼1cos𝛾 + 𝛼2sin𝛾 

 

 
 

Ω  .  

Now (Ramkissoon and Majumdar 1990) 

𝐷𝐻 = −𝐶𝑞𝑏
𝑛𝑒            (17) 

This is a form of the hypothesized drag force where C is the drag coefficient. 

 

Substitute (17) into (16) gives, 

𝑊 = − −𝐶𝑞𝑏
𝑛𝑒 ∙

𝜋

Ω
0

𝑞𝑏𝑑𝑡  

= 2𝜋𝑎  𝑇 𝛼1cos𝛾 + 𝛼2sin𝛾 cos Ω𝑡 
𝜋

Ω
0

𝑑𝑡   

⟹ 𝐶 =
2𝜋𝑎  𝑇 𝛼1cos 𝛾+𝛼2sin 𝛾 cos  Ω𝑡 

𝜋
Ω

0
𝑑𝑡

 𝑞𝑏
𝑛 𝑒 ∙

𝜋
Ω

0
𝑞𝑏𝑑𝑡

 .  

It can be shown that 

𝑞𝑏
𝑛𝑒 ∙ 𝑞𝑏 = cos𝑛+1 Ω𝑡  𝛼1

2 + 𝛼2
2 

𝑛

2
+1

.  

Thus one gets, 

𝐶 = 

𝜋2

Ω
𝑎𝜇ℛ

 

 
 
  

𝜍 𝑖  𝐼0 𝛼 𝑖  − 
2
𝑎

 𝐼1 𝛼 𝑖 

 𝐼1 𝛼 𝑖 
 

2

𝛼1
2  +  

𝜍 𝑖 𝐼1 𝛼 𝑖 

 𝐼0 𝛼 𝑖 
 

2

𝛼2
2 

1
2

 𝛼1cos 𝛾+𝛼2sin 𝛾 

 

 
 

 𝛼1
2+𝛼2

2 
𝑛
2

+1
 cos 𝑛+1 Ω𝑡 
𝜋
Ω

0
𝑑𝑡

 .  

 

5.  Numerical Analysis 
 

Now the modified Bessel function, I, can be displayed using the expressions employed by Casarella and Laura 

(1969) in terms of the moduli and phases of the Kelvin functions (Abramowitz and Stegun 1965). Thus one gets 

 

 𝐼0 𝜍𝑟 𝑖 = 𝑀0 𝜍𝑟 𝑒
𝑖Θ0 𝜍𝑟    
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 𝐼1 𝜍𝑟 𝑖 = −𝑖𝑀1 𝜍𝑟 𝑒
𝑖Θ1 𝜍𝑟         (18) 

 

where 𝑀0, 𝑀1 and Θ0, Θ1are the moduli and phases respectively (Ramkissoon and Majumdar 1990). Substituting 

(18) into (9), (10), (11) and (12) gives 

v 𝑟, 𝑡 = ℛ  
𝑀1 𝜍𝑟  

𝑀1 𝛼 
𝑒𝑖 Θ1 𝜍𝑟  −Θ1 𝛼  𝛼1𝑒

𝑖Ω𝑡        (19) 

w 𝑟, 𝑡 = ℛ  
𝑀0 𝜍𝑟  

𝑀0 𝛼 
𝑒𝑖 Θ0 𝜍𝑟  −Θ0 𝛼  𝛼2𝑒

𝑖Ω𝑡        (20) 

𝜏𝑟θ =
𝜇𝛼

𝑎

𝑀0 𝛼 

𝑀1 𝛼 
𝐿𝛼1 cos Ω𝑡 + 𝛿         (21) 

𝜏𝑟z =
𝜇𝛼

𝑎

𝑀1 𝛼 

𝑀0 𝛼 
𝛼2 cos Ω𝑡 + 𝛿         (22) 

where  

𝐿 =   cos𝜂 −
2

𝛼

𝑀1 𝛼 

𝑀0 𝛼 
 

2
+ sin2 𝜂 

1

2

 ,  

ξ = Θ
1
 𝛼 − Θ0 𝛼 −

𝜋

4
.   

When 𝛼 ≫ 1, then the asymptotic values in (18) are given by (Abramowitz and Stegun 1965) 

𝑀0 𝛼 ≈
𝑒

𝛼

 2

 2𝜋𝛼
 1 +

1

8𝛼 2
+

1

256𝛼2 + 𝑂  
1

𝛼3      

 

𝑀1 𝛼 ≈
𝑒

𝛼

 2

 2𝜋𝛼
 1 −

3

8𝛼 2
+

9

256𝛼2 + 𝑂  
1

𝛼3      

 

Θ0 𝛼 ≈
𝛼

 2
−

𝜋

8
−

1

8𝛼 2
−

1

16𝛼2 + 𝑂  
1

𝛼3      

 

Θ1 𝛼 ≈
𝛼

 2
+

3

8
𝜋 +

3

8𝛼 2
+

3

16𝛼2 + 𝑂  
1

𝛼3        (23)  

 

where 𝑂 denotes the order of the succeeding term in brackets. 

If we assume that the terms of 𝑂  
1

𝛼
 may be neglected, (Ramkissoon and Majumdar 1990) then substituting into 

(23) gives 

𝑀0 𝛼 = 𝑀1 𝛼 ≈
𝑒

𝛼

 2

 2𝜋𝛼
, 

 

Θ0 𝛼 ≈
𝛼

 2
−

𝜋

8
 ,  

 

Θ1 𝛼 ≈
𝛼

 2
+

3

8
𝜋 .  

 

Thus 

𝜂 = 𝜉 = 𝛿 ≈
𝜋

4
   

𝐿 ≈ 1            (24) 

 

Substituting (23) into (20) and (21) gives 

 

𝜏𝑟θ ≈
𝜇𝛼

𝑎
𝛼1 cos  Ω𝑡 +

𝜋

4
    

𝜏𝑟z ≈
𝜇𝛼

𝑎
𝛼2 cos  Ω𝑡 +

𝜋

4
          (25) 

 

And 
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tan 𝛾 =
𝜏𝑟z

𝜏𝑟θ
≈

𝛼2

𝛼1
          (26) 

Now 

𝐶 =
2𝜋𝑎  𝑇 𝛼1cos 𝛾+𝛼2sin 𝛾 cos  Ω𝑡 

𝜋
Ω

0
𝑑𝑡

 𝛼1
2+𝛼2

2 
𝑛
2

+1
 cos 𝑛+1 Ω𝑡 
𝜋
Ω

0
𝑑𝑡

        (27) 

 

If we assume once again that 𝛼 ≫ 1, then since 

𝑇 =  τ𝑟𝜃
2 + τ𝑟𝑧

2  
1

2 ,  

 

then using (25) and (26) gives 

 

𝑇 =
𝜇𝛼

𝑎
cos  Ω𝑡 +

𝜋

4
  𝛼1𝐿 + 𝛼2 

1

2        (28) 

 

Since 𝐿 ≈ 1  then substituting this and (28) into (27) gives 

 

𝐶 =
2𝜋𝜇𝛼  cos  Ω𝑡+

𝜋

4
 cos  Ω𝑡 

𝜋
Ω

0
𝑑𝑡

 𝛼1
2+𝛼2

2 
𝑛−1

2  cos 𝑛+1 Ω𝑡 
𝜋
Ω

0
𝑑𝑡

 .  

 

The case 𝑛 = 1  is the only meaningful one where C is independent of 𝛼1and 𝛼2   (Ramkissoon and Majumdar 

1990). Thus one gets 

𝐶 =  2𝜋𝜇𝛼   

and this is the same expression of the drag coefficient obtained when Casarella and Laura (1969) and Ramkissoon 

and Majumdar (1990) investigated the external and internal problems respectively. 
 

6.  Graphical Results 
 

From the boundary values given by Casarella and Laura (1969), the selected values are as follows: 

1 ≤ 𝑓 ≤ 10 𝐻𝑧  

so f is taken as 5.75 Hz, where 𝑓 =
Ω

2𝜋
  . Also (Rambaran and Rahaman 2010), 

9.30 × 10−7 ≤ 𝜈 ≤ 1.86 × 10−6 𝑚2𝑠−1. 

 

Since the specific gravity of water at 20.2 degrees Celsius is almost 1, the value of 𝜈 of water at this temperature 

for all practical purposes is 1.0 centistoke(cst) where 

 

1 𝑐𝑠𝑡 = 1 × 10−6 𝑚2𝑠−1. 

 

Figures 1 to 4 show the characteristic curves of the   𝜃 -component of thevelocity profile for various values of 𝛼. 

For the values of  Ω𝑡 taken, it is observed that for 𝛼  at 1 and 6, 

Ω𝑡 = 𝑛𝜋  
displays a greater amplitude at the boundary as compared to 

Ω𝑡 =
2𝑛+1

2
𝜋  

which displays a smaller amplitude at the boundary, where𝑛 ∈ ℤand ℤdenotes the set of integers. For the value 

of𝛼 at 3 and 12, it is noted that the opposite occurs, that is, 

Ω𝑡 = 𝑛𝜋  
displays a smaller amplitude at the boundary while 

Ω𝑡 =
2𝑛+1

2
𝜋  

displays a larger amplitude at the boundary.  It appears that values of 

Ω𝑡 = 𝑛𝜋  
and values of 
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Ω𝑡 =  𝑛 + 1 𝜋  
are symmetric about the vertical axis.  The same trend is observed for values of 

Ω𝑡 =
2𝑛+1

2
𝜋  

and values of 

Ω𝑡 =
2𝑛+3

2
𝜋. 

Across graphs, it is noted that as 𝛼  increases, the amplitudes of the oscillations decrease. 

Now, 
v

𝛼1
= ℛ  

 𝐼1  𝑖∙11∙5𝜋 

 𝐼1 𝛼 𝑖 
𝑒𝑖Ω𝑡 .  

The limit as 𝛼 tends to infinity of
v

𝛼1
 is zero.  This indicates that as 𝛼 increases then the above approaches the line, 

v

𝛼1
= 0  

for various readings of Ω𝑡. 

 
     

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

Figure 1:    
𝑣

𝛼1
 versus 

𝑟

𝑎
 for 𝛼 = 1 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 2:    
𝑣

𝛼1
 versus 

𝑟

𝑎
 for 𝛼 = 3 
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Figure 3:    
𝑣

𝛼1
 versus 

𝑟

𝑎
 for𝛼 = 6 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4:    
𝑣

𝛼1
 versus 

𝑟

𝑎
 for 𝛼 = 12 

 

Figures 5 to 8 show the characteristic curves of the 𝑧 -component of the velocity profile for various values of 𝛼. It 

is observed that for values of Ω𝑡taken and for𝛼 at 1 and 6, 

Ω𝑡 =
2𝑛+1

2
𝜋  

experiences a smaller amplitude at the boundary as compared to 

Ω𝑡 = 𝑛𝜋  

which experiences a greater amplitude at the boundary. The opposite case occurs when 𝛼 takes values of 3 and 12, 

where 

Ω𝑡 = 𝑛𝜋  
experiences a smaller amplitude at the boundary and 

Ω𝑡 =
2𝑛 + 1

2
𝜋 

experiences a greater amplitude at the boundary.  It appears that values 

Ω𝑡 = 𝑛𝜋  
and values of 



American International Journal of Contemporary Research                                      Vol. 2 No. 12; December 2012 

66 

 

Ω𝑡 =  𝑛 + 1 𝜋  
are symmetric about the vertical axis. The same trend is observed for values of 

Ω𝑡 =
2𝑛 + 1

2
𝜋 

and values of 

Ω𝑡 =
2𝑛 + 3

2
𝜋 

 

Across graphs, it is noted that as increases, the amplitudes of oscillations decrease. 

Now 

w

𝛼2
= ℛ  

 𝐼0  𝑖 ∙ 11 ∙ 5𝜋 

 𝐼0 𝛼 𝑖 
𝑒𝑖Ω𝑡  

The limit as 𝛼 tends to infinity of 
w

𝛼2
 is zero.  This indicates that as 𝛼 increases then the above approaches the line 

w

𝛼2
= 0  

for various readings of Ω𝑡. 

 

There are various interpretations for an increase in 𝛼. This may mean an increase in frequency of oscillations, an 

increase in the radius of the cylinder, or a decrease in the viscosity of the fluid. In all cases,𝛼 approaching infinity 

manifests itself physically as minimum disturbance of the fluid within the cylinder. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 5:    
𝑤

𝛼2
 versus 

𝑟

𝑎
 for 𝛼 = 1 
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Figure 6:    
𝑤

𝛼2
 versus 

𝑟

𝑎
 for 𝛼 = 3 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 7:    
𝑤

𝛼2
 versus 

𝑟

𝑎
 for 𝛼 = 6 
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Figure 8:    
𝑤

𝛼2
 versus 

𝑟

𝑎
 for 𝛼 = 12 

 

Figures 9 and 10 display the 𝜃  and the 𝑧 -components of the drag forcesagainst 𝛼respectively for various values 

ofΩ𝑡.  In both cases there is a generally proportional increase in the drag as𝛼 increases. However, in the first half 

of the cycle where 

Ω𝑡 =
𝜋

2
and𝜋 , 

this increase is observed to occur in one direction, while in the other half of the cycle where 

Ω𝑡 = 0, 2𝜋and
3𝜋

2
 ,  

this proportional increase is observed to occur in the opposite direction. It appears that values of 

Ω𝑡 = 𝑛𝜋 
and values of 

Ω𝑡 =  𝑛 + 1 𝜋 
are symmetric about the horizontal axis. The same trend is observed for values of 

Ω𝑡 =
2𝑛+1

2
𝜋  

and values of 

Ω𝑡 =
2𝑛+3

2
𝜋. 

For these graphs, it is observed that for values of 

Ω𝑡 =
2𝑛+1

2
𝜋  

the drag is of a greater magnitude, as compared to corresponding values of 

Ω𝑡 =  𝑛 + 1 𝜋  
 

where the drag is of a smaller magnitude. 
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Figure 9:𝜃 -component of 
𝐷

𝛼1𝜇
 versus 𝛼 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 10: 𝑧 -component of 
𝐷

𝛼2𝜇
 versus 𝛼 

 

Figure 11 shows the characteristic curves of the  𝜃 - component of the dragforces plotted againstΩ𝑡 for various 

values of 𝛼. It can be seen from these plots that while the periods of oscillation remain the same for different 

values of 𝛼, the amplitudes increase as𝛼 increases. The same behaviour is observed for the 𝑧 -component of the 

drag forces plotted against Ω𝑡in figure 12. 
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Figure 11: 𝜃 -component of 
𝐷

𝛼1𝜇
 versus Ω𝑡 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 12: 𝑧 -component of 
𝐷

𝛼2𝜇
 versus Ω𝑡 

 

Figure 13 represents the work done against  𝛼  for various ratios of amplitudes.  It can be seen from the 

characteristics that with a low ratio of  
𝛼1

𝛼2
there  is  a  gentle  increase  in  work  done.   However,  as  this  ratio  

of
𝛼1

𝛼2
  increases, the amount of work done becomes much greater. As 𝛼increases, the magnitude of work done also 

increases. 
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Figure 13: 𝑧 -component of
𝑊Ω

𝛼2
2𝜇 sin 𝛾

versus 𝛼 
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