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Abstract

In this paper the linear expansivity of a metallic strip that are joined linearly and with circular joints were
analyzed. The Linear expansivity equations were converted into Integro-differential equation (IDE) and the
resulting equation are then solved using Variational Iteration Method (VIM). The results obtained were also
analysed for various parameters (temperature, length and time) at a specific rate of change in temperature. It was
observed that both the temperature and length of the metallic strip are directly proportional to time.
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1.0 Introduction

Metallic strip is used to convert a temperature change into mechanical displacement. The strip consists of two or
more strips of different metals which expand at different rates as they are heated. The strips are joined together
throughout their length by riveting, brazing or welding. The different expansions force the flat strip to bend one
way if heated, and in the opposite direction if cooled below its initial temperature. The metal with the higher
coefficient of thermal expansion is on the outer side of the curve when the strip is heated and on the inner side
when cooled. Thermal expansion joints in the Auckland Harbour Bridge in New Zealand allow bridges to change
length without buckling Ingolfson Wikimedia Commons (2012). Many works have been carried out by various
researchers they include: Wang et. al. (2006), Eric and Eugeniu (2002), Jean-Loic et. al. (2002), Lienhard et.al.
(2008). This paper focused on examining the effect of temperature on the linear expansivity of stripped metals
(Iron, Copper and Brass) with the view of analyzing the effect of the heat transfer overt time (t) at a specific rate
of increase in temperature.

2.0 Mathematical Formulation of Problem

The formula for linear expansivity is given by
Al =al AT
(1)
were, Al is the change in length, AT is the change in Temperature of Iron, o is the linear expansivity
coefficient and | is the length.
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LU, I (de
dt

dt
(4)
hence Integrating (3) by part and considering (4) we have,
t
% = K{l -1, +aszT(Z—det}
° (%)

Where K is the rate of increase in temperature due to time and |, is the initial length.

Problem 1. Heat Transfer of Metallic Strips (Iron, Copper and Brass) that are joined linearly

Copper
Brass

AT' =aAL (6)
Where AT is the change in temperature for iron and « is the linear expansivity coefficient of iron.
AT ¢ = BAL ()

Where AT ° is the change in temperature for copper and S is the linear expansivity coefficient of copper.

AT® = yAL @)
Where AT " in the change in temperature for brass and y is the linear expansivity coefficient of brass.

Thereby it results into the following differential equation for temperatures
aT’

T=K1Ti +K,T¢ 9)
d; =K,T°+K,T" (10)
b
v’ _ K,T° =0
dt (11)

and for the length we have:

The linear expansivity from Brass

-
dB_K B-B, +7 jBT aT™ | gt (12)
dt dt )|
The linear expansivity from Copper to Brass
dc dre F dr?®

— =K,|[C-C, CT dt |+ K,»?|BT" dt 13
dt { ﬂj (dt }r Sy! (dtj 13)

The linear expansivity from Iron to Copper

di 2 [if AT dT
E:Kl{l—lom !IT [Tjdt} K,p jCT [ tJdt (14)
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Solutions to Eqgn. (9) - (14) are obtained using Variational Iteration Method (He, 1999-2006 and He et. al 2007):
Using VIM to solve for Egn. (11), we have;

n+1

TP, =Tle" - _t[eKs(“) .0ds
0 (15)

T2(t) = Te " Initial approximation for temperature of Brass

With the solution

T b(t) _ TobeK3t

Using VIM to solve for Eqgn. (10), we have;

(16)

c
Tn+l

t
Toe ! 4K, J el T ceks s
° (17)
T, (t) = T e Initial approximation for temperature of Copper

With the solution
b

TC(t) =Toe " + Kalo (eK3t - e*Kzt)
K, + K, (18)
Using VIM to solve for Eqgn. (9), we have;

t
Tl =ToeM 4K, [e T e eds
° (19)

T, (t) = T,e*" Initial approximation for temperature of Iron

With the solution

- - KT
Tl(t):T()leKlt+ 210 (eKlt_e—Kzt)
K, +K, (20)

Solving Egn. (12) using VIM we have

B,,(t)= -K j{ “(B = jBT (d(_jr Bds}dé

B, (t) = B,e"*" Initial approximation for the length of Brass
With the solution

B(t) = %Bo hzeKat —12+12e 7Kt — }/2(T ) 3Kt +37 (T ) —Kt _4}/2(T0b)2]

(21)

(22)
Solving Eqn. (13) using VIM, we have;

f e ; dTy
Cn+1(t):C0eK2t—K2£eK2( ”Hco—ﬁzlcon( m jdsj—K jBT ( .

b
th° st}dg
(23)

C,(t)= C,e**" Initial approximation for the length of Copper
With the solution
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C,
ch= [12(K +3K,

12K, BT F + 3K, B2 Fo et + 9K B2 (e Fert + K, 52T Feot 1 3K, p2(Ty fert )
+ B2k 22 (T2 Pt - 4K Ky 212 f —12K22 (12 F + 4K, Ky 2 (12 e (22)

JﬁzK e e —12K, +12K,e ' + 36K e * — 36K, +36K,e ' — 4K, (T, ( )

Solving Egn. (14) we have;

t 4
|n+1(t)=|OeKﬂ—KljeKl<“>H|o—a2j|oT (dg jdsj— K,B? jCT (dg st}dg

I,(t)=1,e" Initial approximation for the length of Iron
With the solution

(25)

JﬁzKle 12K, +12K,e ™ + 36K, — 36K, + 36K e < — 4K *(T) f

)= [12(K +3K,
~12K,02 (T F + 3K, 2 (T, Fe et + 0K, (T, Fe et o K2 (T2 et + 3K,r2(Ty Feos
+C0(12K§ﬁ2(T0°)Ze’Klt — 4K KBTS —12K2B2(Te F + 4K K, B2(T¢ )ZeSKzt) 26)

Problem 2. Heat transfer of metallic strips (Iron, Copper and Brass) that are joined in circular form.

Similarly the temperature equations are
a7’

o K,T'+K,T® (27)
dT*® . ;
T = KZT + KST (28)
dT°® .

. K.T°+K,T (29)

and length equations are:

The linear expansivity from Brass to Copper
dB 2 [l AT° dT
E-K{B—Bovta _([BT m K,p J.CT dt (30)

The linear expansivity from Copper to Iron
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dc h dT® dT’
_:K{c_cOwZ!CT ( m Jdt+K J.IT ( - jdt} (31)

dt

The linear expansivity from Iron to Brass

31 P—l le( Jdt}LK J.BT (dg jdt (32)

also Using the VIM He. et. al. (2007) to solve Eqn. (27) — (28) we obtain

c

Tb (t) _ TobeKlt N K,To (e Kt elet)

K, +K, (33)
K,T,
TC(t)_TCeKzt + 3°'0 eKst _eszt
’ K, + KS( ) 34)
T () -|-| Kqt Kl—Tob(eKlt_eKst)
K, +K, (35)

KLBK)@ K,e ' —12K, +12K e ™ + 36K e** 36K, +36K,e ™" + K o (T, )2 R
+

B(t)=
12(K,
+3K,a 2 (T2 Pt 43K, (T et + 0K,a? (T8 Fe s —aK a2 (12 f —12K (1)
+C, laK, K, B2 (e et —ak K, p2 (T f —12K 262 (T f +12K2p2(T¢ e (36)

C(t)= ﬁ(lZK ek —12K, +12K,e "% + 36K e — 36K, + 36K e + K,B(T¢ | e®*

43K BT et 13K, 217 P 4 oK, g2 (Te et —aK g2 (T2 f ~12K 52 (T )
1K Ky 2 (1 e —ak, K,y (T f 1222 (T F +12K 2y 2 (1) Fe e ) (37

—QZK e —12K, +12K ;e 136K ,e" — 36K, + 36K e + K, (T fe®
K, + 3K,

1(t) = 12
+3K (1)) 3K3t+3K37/( Fe s oK,y (T Fe™ st —aK 2 (1) ] —12K 2 (T, )2)

+BO(4K1K30: (TO )2 M — 4K Ko (T ) —12K20‘2(Tb) +12K e (TO )ZeiKSt) (38)

Equation (33) - (35) are final temperatures for Brass, Copper and Iron respectively were Eqgn. (36) - (38) are final
Length of Brass, Copper and Iron respectively.

3. Numerical Applications

We present graphical summaries by considerring the following properties for the linear expansivity of a metallic
strip,

a=12.0x10"°m/mK B =187x10°m/mK y =1.66x10"°m/mK
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T'(0)=273 T°(0)=273 T°(0)=273
B(t)=0.1 C(t)=0.1 B(t)=0.1
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Figure 4.1 Graph of Temperature of Brass against time
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Figure 4.2 Graph of Temperature Copper against time
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Figure 4.3 Graph of Temperature of Iron against time
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Figure 4.4 Graph of Length of Brass against time
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Figure 4.5 Graph of length of Copper against time.
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Figure 4.6 Graph of Length of Iron against time.
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4.0 Discussion of Results

Three stripped metals (Iron, Copper and Brass) are considered it can be observed that iron has the highest
coefficient of thermal expansion, followed by copper and brass. This implies that when heated, iron will be at the
outer side of the curve, copper at the middle and brass on the inner side. From figure 4.1 to figure 4.3 it is
observed that the temperature is directly proportional to the time. Also from figure 4.4 to figure 4.6 it is deduced
that as time increases the length of the metals also increases thereby making the heat transfer from one metal to
the other faster.

5.0 Summary

In conclusion, the use of variational iteration method has been a very useful technique for solving integro-
differential equation which yield solutions that converges to that of exact solutions. The study analyzes the
temperature and length of metals while varying the temperature coefficient and time. To this effect it is noted that
the increase in length of the metals and the transfer of heat from one metal to the other is directly proportional to
the increase in the temperature over time.
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